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We argue that a substantial increase in the cross section for Coulomb excitation in the region
of the Double Giant Dipole Resonance should be expected from Coulomb excitation of excited
states involved in the spreading of the one-phonon resonance, in a manifestation of the Brink-Axel
phenomenon. This generates an additional fluctuating amplitude and a corresponding new term
to be added incoherently to the usual cross-section. The appropriate extension of an applicable
reaction calculation is considered in order to estimate this effect.
PACS Numbers: 25.70.De, 24.30.Cz, 21.10.Re
The Coulomb excitation of two-phonon giant resonances at intermediate energies has generated considerable interest
in the last few years [1]. The isovector double giant dipole resonance (DGDR) has been observed in 136Xe [2], 197Au
[3], and 208Pb [4–6]. The isoscalar double giant quadrupole resonance has also been observed in the proton emission
spectrum from the collision of 40Ca with 40Ca at a laboratory energy of 44 A Mev [7].When the data on DGDR
excitation for 136Xe and 197 Au are compared with coupled-channel Coulomb excitation calculations [8], it is found
that, in the harmonic approximation, the calculated cross sections are a factor of 2 to 3 smaller than the measured
ones. A similar discrepancy, albeit somewhat smaller, is found for 208Pb.
Several effects that are not taken into account in the coupled-channel theory have been considered as possible
explanations of this discrepancy. As examples, we mention the effect of anharmonicities [9,10] and the quenching
of the 1+ DGDR state [11]. Here we will consider a new potentially important mechanism, which consists in the
(one phonon) Coulomb excitation of backgrount states responsible for the large spreading width of the one-phonon
GDR, as suggested long ago by Brink and Axel [12]. Due to the complicated background of intrinsic states, the
amplitude for this process varies rapidly wth energy and possesses an average close to zero. Its contribution to the
cross section can be sizable, however. In close analogy to this situation is the the well-known case of nucleon-nucleus
elastic scattering. There, the cross section is the sum of the slowly-varying contribution of average optical scattering
and of the fluctuating contribution compound nucleus formation and decay. In figure 1 we show a schematic picture
of the couplings involved.
We first sumarize our main result. The cross-section for Coulomb excitation to the DGDR energy region contains
in fact two distinct components which peak at ∼ 2EGDR. However, while the usual component σDGDR has a width
which may be estimated as ∼ 2ΓGDR, the fluctuating Brink-Axel component has a width which is just ∼ ΓGDR.
As a result of this, the bump observed in the two-phonon region has an effective width between these limits. The
enhancement factor for the peak-value of the cross-section will be given roughly by (1 + Γ↓1/Γ1), whereas the cross-
section integrated over the peak is just about (1+ 12Γ
↓
1/Γ1)σDGDR due to the smaller width of the second component.
For heavy nuclei Γ↓1 ∼ Γ1, and we get enhancement factors of ∼ 2 and ∼ 3/2 for the peak and for the integrated cross-
sections respectively. Furthermore, these enhancement factors should be reduced and tend to unity as the collision
time becomes shorter than the inverse GDR width, at higher bombarding energies. A simple model illustrating these
features will be discussed in what follows.
Giant resonances have many characteristics that suggest a treatment in terms of simple collective degrees of freedom.
The first and foremost of these is their classical interpretation in terms of macroscopic shape oscillations of the nucleus.
The properties of multiple excitations of these resonances would then suggest that they are simple bosonic degrees
of freedom. The Brink-Axel hypothesis, which assumes that a giant dipole resonance may be constructed on each
of the intrinsic excited states of the nucleus, suggests that the resonances can be considered as degrees of freedom
independent of the intrinsic states. Of course, the microscopic representation of the giant resonances, in terms of of the
intrinsic particle-hole states, implies that their treatment as independent degrees of freedom can only be approximate.
Yet, in many instances, it seems to be a very good approximation.
As a model of the multiple excitation and decay of a giant resonance, we will consider the excitation of a collective
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degree of freedom of a target nucleus by an inert projectile and the subsequent decay of the collective states into
complex intrinsic ones. We can loosely follow the development given by Ko years ago [13]. His work was motivated
by the need to incorporate the collective features of the Copenhagen approach to deeply-inelastic heavy-ion collisions
[14] into the Heidelberg description [15] of these processes.
As did Ko, we take the Hamiltonian describing the two colliding nuclei to be
H(~r, α, ξ) = h0(~r) + h1(α) + h2(ξ) + U(~r, ξ) + V (~r, α) +W (α, ξ) (1)
where h0(~r) = ~p
2/2m + V0(~r) is the Hamiltonian for the relative motion in the ground state, h1(α) and h2(ξ) are
the collective and intrinsic Hamiltonians, respectively, W (α, ξ) is the coupling between the collective and the intrinsic
degrees of freedom and U(~r, ξ) and V (~r, α) are the couplings between the relative coordinate and the intrinsic and
collective degrees of freedom, respectively. As we wish to concentrate our attention on the excitation of the collective
states alone through the relative motion, we simplify by taking the direct coupling of the relative motion to the
intrinsic states to be null, U(~r, ξ) = 0. We write the collective and intrinsic spectra and states as h1(α) |n〉 = en |n〉
and h2(ξ) |ν〉 = εν |ν〉. In the case that the collective spectrum represents multiple excitations of a giant resonance,
we would expect en ≃ n e1.
We write the uncoupled scattering states of the relative motion with an incoming or outgoing wave boundary
condition corresponding to asymptotic wavenumber ~k as
h0
∣∣∣ϕ±~k
〉
=
(
~p 2
2m
+ V0
) ∣∣∣ϕ±~k
〉
= E~k
∣∣∣ϕ±~k
〉
. (2)
The free Green’s function can then be expressed in terms of a diagonal sum over the triple product states as
G+0 (E) =
∑
n,ν
∫
d3k
∣∣∣n, ν, ϕ+~k
〉〈
n, ν, ϕ+~k
∣∣∣
E − E~k − en − εν + i η
. (3)
We point out that an equivalent expression for G+0 (E) is obtained by substituting the scattering states satisfying an
outgoing wave boundary conditions for the incoming wave states used above.
In this basis, the matrix elements of the couplings take the form
〈
m,µ, ϕ+~k
∣∣∣V (~r, α)
∣∣∣n, ν, ϕ+~k′
〉
= δµν
〈
m,ϕ+~k
∣∣∣V
∣∣∣n, ϕ+~k′
〉
(4)
and 〈
m,µ, ϕ+~k
∣∣∣W (α, ξ) ∣∣∣n, ν, ϕ+~k′
〉
= δ(3)(~k − ~k′) 〈m,µ|W |n, ν〉 . (5)
The first of these says that the coupling of the relative motion to the collective degree of freedom due to V (~r, α) does
not affect the intrinsic state. The second says that the coupling of the collective degree of freedom to the intrinsic ones
due to W (α, ξ) does not affect the relative motion of the projectile and target. The transitions induced by W (α, ξ)
are internal to the target.
We assume that the complex intrinsic states are statistical and use a schematic random-matrix model to describe
their matrix elements.We take for the first and second moments of the matrix elements 〈m,µ|W |n, ν〉 = 0 and
〈m,µ|W |n, ν〉 〈n′, ν′|W |m′, µ′〉 = δmm′δnn′δµµ′δνν′ |〈n, ν|W |m,µ〉|2 (6)
The statistical hypotheses only require that the average squared matrix elements vanish for µ 6= µ′ or ν 6= ν′. For
simplicity, we take them to vanish for m 6= m′ and n 6= n′ as well.
We can now use the statistical hypotheses on the matrix elements of W to calculate the average (optical) Green’s
function G
+
(E). This has been done by Ko [13] and his result can be written as (see also [16])
G
+
~knν(E) =
1
E − E~k − en − εν + iΓnν /2
(7)
where Γnν is the total width of the resonance, comprising an escape width Γ
↑
nν plus a spreading width Γ
↓
nν , viz.
Γnν = Γ
↓
nν + Γ
↑
nν . The complete expression for the average Green’s function is then
2
G
+
(E) =
∑
n,ν
∫
d3k
∣∣∣n, ν, ϕ+~k
〉〈
n, ν, ϕ+~k
∣∣∣
E − E~k − en − εν + iΓnν /2
(8)
It is worthwhile pausing a moment to interpret this expression. With the exception of the ground-state component
of the Green’s function, all others have a finite width in their denominator, However, the scattering states that enter
are still those corresponding to the self-adjoint Hamiltonian h0. Yet, in contrast to the free Green’s function, for
which the component corresponding to the collective-intrinsic state |n, ν〉 contains only the scattering states
∣∣∣ϕ+~k
〉
with energy E~k = E − en − εν , the component of the average Green’s function contains an envelope of scattering
states about this energy, with the extent of the envelope determined by the width Γnν . The relative phases of the
contributions to this envelope are such that the outgoing waves of G
+
are decaying waves, as can easily be verified
by evaluating the integral as a contour integral in the complex plane.
We note that at low excitation energies, the widths of the |1, ν〉 states are dominated by their spreading widths, as
the contributions to the escape widths, from both the collective state and the intrinsic states, are small. The states
thus appear to be consistent with the Brink-Axel hypothesis, by which the same collective state (with the same width)
is constructed on each of the intrinsic states. However, as the excitation energy of the intrinsic states increases, a
corresponding increase in both the spreading width and the escape width of the state becomes observable, consistent
with the increase in widths experimentally observed in hot giant resonances. Using a phenomenological expression
for the compound escape width, Γν ≈ 14 exp(−4.69
√
A/E∗) MeV and taking Sn as an example, we expect the total
width to saturate at high excitation at Γ1ν ≈ 4.5 MeV + 14 MeV, which compares fairly well with the observed value
of 15 MeV [17].
The amplitude of the first excited collective state is obtained from a single action of the coupling V . Taking the final
relative momentum of the projectile and target to be ~k′, the amplitude A1(~k,~k
′) for excitation of the first collective
state is
A1(~k,~k
′) =
1
E − E~k′ − e1 + iΓ10 /2
〈
1, ϕ−~k′
∣∣∣V
∣∣∣ψ+~k00
〉
, (9)
where
∣∣∣ψ+~k00
〉
is the relative motion wavefunction in the entrance channel calculated by taking into account the
coupling to the one-phonon excited state to all orders [8]. What is observed are the decay products of the excited
state, which can decay either directly or after passing through the intrinsic states. The direct contribution is
dσdir1 (
~k,~k′) = Γ↑10
∣∣∣A1(~k,~k′)
∣∣∣2 , (10)
while the decay through the intrinsic states yields
dσint1 (
~k,~k′) = Γ01
Γ↓10
Γ01
∣∣∣A1(~k,~k′)
∣∣∣2 = Γ↓10
∣∣∣A1(~k,~k′)
∣∣∣2 , (11)
where Γ01 is the width of the intrinsic states at an energy εν ≈ e1.We have assumed, based on the complexity of
the intrinsic states, that these possess no spreading width so that the width Γ01 is all escape width. Adding the two
contributions, we have for the cross section
dσ1(~k,~k
′) =
Γ10
(E − E~k′ − e1)2 + (Γ10 /2)2
∣∣∣〈1, ϕ−~k′
∣∣∣V
∣∣∣ψ+~k00
〉∣∣∣2 . (12)
The second collective state can be populated predominantly through a two-step process. Assuming a final relative
momentum of ~k′′, we have
A2(~k,~k
′′) =
1
E − E~k′′ − e2 + iΓ20 /2
× (13)
∫
d3 k′
〈
2, ϕ−~k′′
∣∣∣V ∣∣∣1, ϕ+~k′
〉 1
E − E~k′ − e1 + iΓ10 /2
〈
1, ϕ+~k′
∣∣∣V ∣∣∣ψ+~k00
〉
This amplitude describes the process in which a second collective excitation occurs before the first collective state has
decayed to the intrinsic states. The corresponding cross section is
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dσ2(~k,~k
′′) =
Γ20
(E − E~k′′ − e2)2 + (Γ20 /2)2
× (14)
∣∣∣∣
∫
d3 k′
〈
2, ϕ−~k′′
∣∣∣V
∣∣∣1, ϕ+~k′
〉 1
E − E~k′ − e1 + iΓ10 /2
〈
1, ϕ+~k′
∣∣∣V
∣∣∣ψ+~k00
〉∣∣∣∣
2
For a harmonic mode, we expect e2 ≈ 2 e1.We also expect Γ20 ≈ 2 Γ10, since we expect that 〈2 |W | 1〉 ≈
√
2 〈1 |W | 0〉.
There is another two-step process – a fluctuating one – that can look as if it were an excitation of the second
collective state, although in fact it is not. This is the process in which a second collective excitation occurs on top
of the hot background of incoherent, intrinsic excitations remaining after the first collective state has decayed to the
intrinsic states. The amplitude for this process, for an arbitrary intrinsic state |ν〉, is
Afl2,ν(
~k,~k′′) =
1
E − E~k′′ − e1 − εν + iΓ1ν/2
∫
d3k′
〈
1ϕ−~k′′
∣∣∣V ∣∣∣0ϕ+~k′
〉
× (15)
1
E − E~k′ − εν + iΓ0ν/2
〈0ν |W | 10〉 1
E − E~k′ − e1 + iΓ10/2
〈
1ϕ+~k′
∣∣∣V
∣∣∣ψ+~k00
〉
.
Its contribution to the cross section is incoherent with the others. When summed over the intrinsic states, it is
dσfl2 (
~k,~k′′) =
∑
ν
∣∣∣Afl2,ν(~k,~k′′)
∣∣∣2 . (16)
To get even a crude estimate of the above expression, we have to do a bit of hand waving. To begin, we replace the
intrinsic excitation energy εν and the decay width Γ1ν by their average values, e1and Γ1c in the final-state factor, so
that
Γ1ν
(E − E~k′′ − e1 − εν)2 + (Γ1ν /2)2
−→ Γ1c
(E − E~k′′ − 2 e1)2 + (Γ1c /2)2
, (17)
and the factor can be removed from the sum. Next, we approximate the remaining sum over intrinsic states as
∑
ν
|〈0, ν |W | 1, 0〉|2
(E − E~k′ − εν + iΓ0ν /2) (E − E~q′ − εν − iΓ0ν /2)
≈ Γ
↓
10
Γ0c
1
1 + i (E~k′ − E~q′ )/Γ0c
, (18)
We have also replaced the intrinsic state decay widths Γ0ν by their average value Γ0c and have used ~k
′ and ~q′ to denote
the dummy variables of the two conjugate integrals. Finally, we argue that the restriction imposed on the momentum
integrals by the right hand side of Eq.18 reduces them from their unrestricted value by a factor of Γ0c/Γ10. That is,
∫
d3k′
∫
d3q′
F (~k′)F ∗(~q′)
1 + i (E~k′ − E~q′)/Γ0c
≈ Γ0c
Γ10
∣∣∣∣
∫
d3k′ F (~k′)
∣∣∣∣
2
, (19)
where F (~k′) is the rest of the integrand. With these three approximations, we can rewrite the fluctuation contribution
to the cross section as
dσfl2 (
~k,~k′′) ≈ Γ1c
(E − E~k′′ − 2 e1)2 + (Γ1c /2)2
Γ↓10
Γ10
× (20)
∣∣∣∣
∫
d3 k′
〈
1, ϕ−~k′′
∣∣∣V
∣∣∣0, ϕ+~k′
〉 1
E − E~k′ − e1 + iΓ10 /2
〈
1, ϕ+~k′
∣∣∣V
∣∣∣ψ+~k00
〉∣∣∣∣
2
.
We can now compare the fluctuation contribution to the apparent excitation of the second collective state with
the actual one of Eq.14. We first observe that both will have approximately the same average excitation energy of
2 e1. The width of the fluctuation cross section, though, will be about half that of the real one, Γ1c ≈ Γ10 ≈ Γ20/2,
since the contribution of the intrinsic states to the width is expected to be extremely small at these energies. Due
to the difference in the matrix elements of V , the magnitude squared of the momentum integral of the fluctuation
cross section will also be about half that of the actual one. The two cross sections will then be comparable at their
peak values. The observed cross section, in these conditions, would be appreciably larger than the expected value
and would have a width intermediate between the width Γ10 of the single giant resonance and the width Γ20 ≈ 2 Γ10
expected for the double giant resonance.
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Since the fluctuation contribution to the apparent excitation of the second collective state depends on the decay of
the collective state into the intrinsic states, we would expect it to be important in a limited range of incident energy.
At sufficiently high incident energies, we expect that the target would no longer have time to decay and be excited a
second time by the projectile. This tendency can be seen in the experimental data for 208Pb. The DGDR excitation
cross section observed at a laboratory energy of about 100A MeV is a factor of two larger than the predicted one [5],
while the cross section at 640A MeV is only about 30% greater than that calculated [6]. The observed width of the
DGDR also tends to increase with the incident energy, consistent with the diminishing contribution of the fluctuation
cross section.
An extension of the semiclassical model of ref. [8] to include the Brink-Axel effect will be reported elsewhere.
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FIGURE CAPTION
Figure 1: A schematic picture showing the coupling to the one ”cold” phonon state (d), the two ”cold” phonons
state, the fine structure states of d (b) and the one ”hot” Brink-Axel (B-A) phonon state.
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